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1. Introduction

GD-Calc computes diffraction efficiencies of a biperiodic grating structure
comprising linear, isotropic, and non-magnetic optical media. Part 1 of this document
defines the class of optical geometries that can be modeled with GD-Calc, describes the
electromagnetic field characteristics, and provides a conceptual framework for the
software user interface. Part 2 describes the numerical algorithms used in the software
code.

The grating diffraction theory developed in Part 2 is based on a generalization of
the rigorous coupled-wave (RCW) method reviewed in Ref. 1. The general biperiodic
grating theory has some commonality with the coupled-mode method described in Ref. 4
(e.g., the use of S-matrices [Ref. 2] and Fast Fourier Factorization [Ref. 3]); but the
grating is described relative to a rectangular coordinate system in which only one of the
grating period vectors need be aligned to the coordinate axes.

Part 1: User’s Reference

2. Notation:
(...) grouping parentheses, matrices
[...] function arguments, superscripts
{...} set
€, e,, e unit basis vectors
X=éx +eé,x,+¢éx, position vector
f=é fi+é f,+é [, spatial frequency vector
E=¢éE +éE,+éE, electric field vector
H=6éH, +é H,+é, H, magnetic field vector
£ complex permittivity

3. Grating geometry

Figure 1 shows a biperiodic grating structure, which will be used to illustrate the
types of grating geometries that can be modeled with GD-Calc. The example comprises
square-section bars that are stacked to form an array of “#” structures. Only four such
structures are shown, but the pattern extends periodically in two dimensions.

Position vectors are denoted X = ¢, x, + ¢, x, + &, x,, wherein ¢,,¢,, and é, are
orthonormal unit basis vectors. The grating structure is represented as a stack of grating
strata bounded by planes of constant x,, with boundaries at x, = b,[0], b,[1], ...,
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bll,—=11<x, <b[l] instratum /,; [, =1...L, (3.1)

wherein L, is the number of strata. (The “/,” index will generally be used as a stratum
identifier.) The strata do not necessarily represent physically distinct layers with different
material compositions. Typically, the grating may be partitioned into strata in order to
approximate sloped-wall layers by “staircase” profiles'. The grating is sandwiched
between a substrate medium below the grating and a superstrate medium (e.g., vacuum)
above the grating. In accordance with equation 3.1, the substrate and superstrate are
considered to be semi-infinite strata defined by

—ow=h[-1]<x, <b[0] in the substrate (3.2)
b[L, 1< x, <b/[L, +1]=+ 1n the superstrate (3.3)

Note that the x, coordinate increases toward the superstrate side of the grating and the

strata are numbered from bottom (substrate) to top (superstrate). Incident illumination
enters from the superstrate side.

Figure 1. Biperiodic grating structure.

The grating is assumed to comprise isotropic, non-magnetic optical media, so its
optical properties are fully characterized by its scalar, complex permittivity ¢, which is a
function of x . This is the relative permittivity, equal to the square of the complex

! Stratification of sloped-wall profiles should be used with caution. Increasing the number of strata may not
improve (and may actually degrade) calculation accuracy unless the number of diffraction orders is also
significantly increased. This limitation of coupled-wave theory is discussed in Ref. 1, Sect. VL.5.
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refractive index. ¢ is 1 in free space, and according to the assumed sign conventions the
imaginary part of & is non-negative,

Im[e]=>0 3.4)

The grating is characterized by two fundamental vector periods, d!*! and d'¥',

which describe the permittivity function’s translational symmetry characteristics. These
vectors are parallel to the substrate and have the following coordinate representations,

glel _ 5 glel 4 5 glel
d?® =e, a’zj1 +e,df (3.5)

[el _ 5 [g] 5 [g]
d, —e2d272+e3d3,2 (3.6)

el glgl [e] lg]
d z,g1 d3,g2 * dfl dz,gz (3.7)

The permittivity is invariant with respect to translational displacement by either vector
dl'l[g] or gjgg]

(X +d®] = g[¥] (3.8)
e[X +d'¥] = ¢[X] (3.9)

For example, Figure 2 illustrates a plan view of the Figure 1 structure, showing the
fundamental periods d!*' and d'¢'.

g[X] is constant outside of the grating structure, with a value ¢! in the
substrate and ™' in the superstrate, and it is independent of x, within each stratum. The
top boundary coordinate for stratum /, (or for the substrate, if /, = 0) is denoted as b,[/,],

e[X]1= el[l,1[x,,x,]1 forb[l, —1]1<x, <b,[l] (3.10)
el[0][x,,x,]= ™ (3.11)
el[L, +1][x,,x;,] = g™ (3.12)

(The x, independence of &1 implies that the grating walls are perpendicular to the

substrate within each stratum — hence the “staircase” approximation.) Based on equations
3.8 and 3.9, ¢l satisfies the periodicity conditions
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elll I[x, + dg%l]a)% + dgil] = elll,][x,,x;] (3.13)

elll][x, + dg,g;,)@ +d3[fg2]] = elll,][x,,x;] (3.14)

dy¥ (= d;'12))

'

5 L/
\ —> 4'[2] L

! > df* (=d'))
¢ %

Figure 2. Grating periods.

Each stratum is characterized by at most two stratum-specific vector periods, d il

and d! (not necessarily identical to d!¥' and d!#'), which are parallel to the substrate
and have coordinate representations similar to equations 3.5 and 3.6. The “s” superscript
connotes “stratum”, and the periods for stratum /, are denoted as d"“'[/,] and d\"'[/,].
The permittivity in stratum /, is invariant with respect to translational displacement by

either of these vectors,

elfl I[x, + dgfﬂ[ll],)@ + dgsl][ll]] = el[l|][x,,x5] (3.15)
elll, 1[x, + dgf]z[ll 1x; + ds[f;[ll 1=l ][x,,x;5] (3.16)
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These periodicity conditions may be stronger than conditions 3.13 and 3.14, which apply
to all strata. For example, Figure 2 illustrates periods c?l[sl[l] and cigs][l] for stratum 1,

and d"'[2] and d"[2] for stratum 2. d"*'[/,] and d!*'[/,] could be defined to be
respectively equal to d'¢' and d'¢! for all strata, but the geometry description will be
simplified and the electromagnetic simulations may be more efficient if c?l[“] [/,] and
d")[1,] are chosen so that their cross product, d"“'[/,]xd![],], has the smallest possible

magnitude (i.e., the grating “unit cell” defined by c?l[“'] [/,] and d 5911,] should preferably
have minimal area).

The above description applies to the general case of a “biperiodic stratum”
comprising a biperiodic grating structure. There are two special cases of strata that are
treated differently than the biperiodic case.

First, a “uniperiodic stratum’ comprises a lamellar line grating structure. This
type of stratum is characterized by a single period d*'[/,], which is (by convention)

chosen to be perpendicular to the grating lines. (In this case, d M1 is implicitly

perpendicular to c?l[”[ll] and is of infinite length.)

Second, a “homogeneous stratum” comprises a homogeneous film, which is not
characterized by periods. (aﬂm [/,] and d 9[4,] are both implicitly of infinite length in
this case.)

Each stratum’s type (biperiodic, uniperiodic, or homogeneous) and associated
periods (if any) are defined in terms of the fundamental periods, d!*' and d'¢', and four
stratum-specific “harmonic indices” A, [/,1, h ,[/|], h,,[/|], and h,,[],] (corresponding

to stratum /, ). The harmonic indices are integers, which define the stratum’s periods as
follows:

For a biperiodic stratum, the matrix of harmonic indices is non-singular,

Iy [1 ] by o[1]1# by 5141 by [1,] (biperiodic stratum) (3.17)

and the stratum’s periods are defined by

— N

dbli] diin) (d¥
dilin diny) o \dE o ale

5

hl,l[ll] hl,z[ll] -1
J(hz,l[ll] hz,z[ll]} (3.18)

S}

For example, in Figure 2 the following relations hold: d el = @”[1] = 26?1[51 [2],
d'® = 24511 = d"'[2]; or equivalently,
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di¥ d¥) (&bl abinn(o 2\ (dbi2] abi[21)(2 o
d® (&b allpn o) labl2) @¥2))lo 1
(3.19)

Hence, the harmonic coefficients for the two strata are
b1 Ay L[] 3 0 2 h (2] hy,[2] B 2 0 (3.20)
hal k(1) \1 0) (Aal2] hy,l21) (O 1 '
For a uniperiodic stratum the harmonic indices satisfy the following conditions,

b [[1]#0or h,[11]1#0; h,,[/1]=0and &, ,[/1]=0 (uniperiodic stratum)
(3.21)

and the period JI[S][II] is defined as follows: First compute the spatial frequency
quantities

o]

-1
d[] d[g]
o (3.22)
3

U1 An)= 0] h‘°2[ll])(d 9 g

and then define

| (P £4m)
[s] [s] _ , s
(dz,l[ll] dg,l[ll])— S + (D) (3.23)

For a homogeneous stratum the harmonic indices are all zero,

h (L 1=h (L= hy [L 1= h,y,[,]1=0 (homogeneous stratum)  (3.24)

The above relations are conceptually simpler when expressed in terms of the
grating’s spatial frequencies. The grating has two fundamental spatial-frequency vectors

7!¥ and f!#! which have the coordinate representations
£lel — 5 rlel 4 5 rlel 3.25
N ezfz,l e3f3,1 (3.25)
7lel _ 5 rlel +o. fldd 326
/2 ezfz,z e3f3,2 (3.26)
and which have the following reciprocal relationship to d 1¢l and d lel |
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AR AR .
7 e a) o
Similarly, each stratum is characterized by its own spatial-frequency basis vectors
F2[1,1 and £9[1,] (for stratum /,), which have the same reciprocal relationship to

dl'[,] and di[],

A=, fR 1+ 8, £ (3.28)

L=, fA+ 8, £ (3.29)
[s] [s] [s] [s]

fllh] AT disl]) (100 (3:30)
AT Aua)\atlny aliny) (o1

For all three stratum types — biperiodic, uniperiodic, and homogeneous — a stratum’s
basis frequencies are a linear combination (i.e., “harmonics”) of the grating’s
fundamental basis frequencies,

SR AR (Ml T .
PRI ISR ) IR (Y A ) W2 .

(By analogy with crystallography, the basis frequencies represent “reciprocal lattice
vectors” and the harmonic indices are analogous to “Miller indices”.) For a biperiodic

stratum, fl[”[ll] and ]72[“'][11] are non-zero and linearly independent; for a uniperiodic
stratum, fl[”[ll] 1s non-zero and fz[s][ll] is zero; and for a homogeneous stratum f][“][ll]
and f1“[1] are both zero.

The grating structure within biperiodic stratum /, comprises rectangular

“structural blocks” whose walls are parallel and perpendicular to d 1] (see Figure 2).
The stratum geometry is defined by first partitioning the stratum into infinite-length
“stripes” parallel to d I[1,1, and then partitioning each stripe into blocks. For example,

Figure 3 illustrates the partitioning of stratum 1 from the example of Figures 1 and 2.
More complicated grating geometries can also be approximated as block-partitioned
structures. For example, Figure 4 illustrates a possible representation for a circular
structure”.

? The preceding cautionary footnote regarding stratification also applies to block-partitioning of curved-
wall structures such as circular posts and holes. Increasing the number of stripes may not improve
calculation accuracy unless the number of diffraction orders is also significantly increased.
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The stripes are numbered sequentially (e.g., “stripe 07, “stripe 17, “stripe 2”, etc.)
in the order corresponding to the c?l[“] [/,] direction. The blocks within each stripe are
numbered sequentially (e.g., “block 07, “block 17, etc.), with the block index order
corresponding to the d I[1,] direction. Each block is optically homogeneous, and the
permittivity in block /; of stripe /,, stratum /, is denoted as &3[/,,1,,/,],

e[x]1=¢&3[1,,1,,l;] for X in block /; of stripe /,, stratum /, (3.32)

(The “/,” index will generally be used as a stripe index, and “/;” will be used as a
structural block index.)

N
¢, [1,11d"[1] ¢, [1L11d5[1]+ 02[1 1,11d5[1]
stripe 2 <
¢, [L11dP 1]+ ¢,[1,1,0]d 1]>
N g P
stripe 1 < ___ ?____ ——
stripe 0 < [1.0]d,"[1] \ block o\ block 1

di"'[1] | I

N

structural block

0 > av'm

Figure 3. Stratum partitioning geometry.
The stripe boundary positions in stratum /, are defined in terms of a set of

parameters c,[/,,/,], [, =1...L,[l,]; wherein L,[/,] is the number of stripes per period in
the stratum. These values should satisfy the relation

aoll, LIL-1<¢ll 1]<c[l,2]<...<¢[l,, L[/ ]] (3.33)
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The /, range is implicitly extended to + oo by the condition
olly,l+ LiL1=¢l,,]1+1 (3.34)

(e.g., the left-hand value in relation 3.33 represents c,[/,,0]). A ray from the coordinate
origin (“6 ” in Figure 3) in the d *J[1,] direction intercepts the boundaries of stripe /, at
points ¢,[1,,1, —11d"[1,] and ¢,[1,,1,1d"'[1,].

1 I~
4 AN

it 1.
A M,

L ¥
Rt A7
NS I - r
S—

Figure 4. Block-partitioned circular structure.

The block boundary positions in stripe /, of stratum /, are defined in terms of a
set of parameters ¢,[/,,/,,1;], I, =1...L,[/|], [y =1...L,[],,1,]; wherein L[/,,/,] is the
number of blocks per period in the stripe. These values should satisfy the relation

&Ly, Lyl LN = 1< e[l L < e[l 1,21 < . < e[y, L[ L 1]

(3.35)

The /, and /; ranges are implicitly extended to = oo by the conditions
ol 0L, 0L+ L[l L1 =[] +1 (3.36)
ol 1L, + L, 1,L])=¢cll,1,,1,] (3.37)
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L[l 0, + L[ 1] = Ly (1,1, ] (3.38)

(e.g. the left-hand value in relation 3.35 represents c¢,[/,,/,,0]).The boundaries of block
[, in stripe /, intercept the interface between stripe /, and stripe /, +1 at points

e[l L1dP L1+ el L, 0 —11dY 1,1, ] and ¢, [1, 1,1 dI [0+ eyl 0,11 dYELL L T

A homogeneous stripe (e.g. stripe 0 in Figure 3) does not require any c,
parameter specification; it only requires a ¢, parameter and a permittivity value. A
uniperiodic stratum’s stripes are all homogeneous and are aligned perpendicular to its
dql[” vector. A homogeneous stratum does not require any ¢, or ¢, specification; it
requires only a permittivity specification.

A grating specification may contain include a coordinate break comprising lateral
shift parameters Ax, and Ax,, which implicitly translate strata laterally by the

displacement vector
AX = Ax, e, + Ax, e, (3.39)

The coordinate break is associated with a lateral plane at a particular x, height in the

grating. The translational shift is only applied to strata above the coordinate break plane.
Multiple coordinate breaks may be specified, and the total translation applied to any
particular stratum is the sum of the Ax shifts specified by all the coordinate breaks below
the stratum. (To apply a lateral translation to just a single stratum, a shift of Ax is applied
immediately below the stratum and a shift of — Ax is applied immediately above the
stratum.)

4. Electric field description

The electric field £ comprises an incident field £/ and reflected field E' in
the superstrate, and a transmitted field £/ in the substrate. The incident field is assumed
to be a single plane wave,

EV[X]= A" exp[i27 [V o X] (4.1)

wherein A" is a constant vector and " is the incident field’s spatial-frequency vector,

f[i] =¢ fl[i] +é, fz[i] +é; f3[i] (4.2)
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The reflected field £ consists of a superposition of plane-wave Fourier orders
HE"[m,,m,] with spatial-frequency vectors f"/[m,,m,], which are labeled by two
diffraction order indices m, and m,,

EV[X] = Zﬁ”E m,,m, 1[¥] (4.3)
HE Iy, my 151 = A" [y, Jexpli 27 f 7'y m, ] 5] (44)

(The *“ f” prefix connotes a Fourier expansion, and “ ff ” connotes a two-dimensional
Fourier expansion.) The transmitted field similarly consists of plane-wave Fourier orders
AEY[m,,m,] with spatial-frequency vectors f[m,,m, ]

E[t ZﬁE[I [m,,m,][x] (4.5)

HE Ty, )[%) = A" [y, m, Jexpli 27 £ my,m, ] o 3] (4.6)

The diffracted field’s grating-tangential spatial frequencies (i.e., the ¢, and é,

projections of f"[m,,m,] and f"[m,,m,]) differ from that of the incident field by
integer multiples of the grating’s fundamental frequencies,

(fz[r][mwmz]a fs[r][mvmz]):(fz[t][mpmz] f3[t][m15m2])

:( 2[”: fsi])'i'ml( 2[,g1]a [g])+mz (fzza f3[%]) @7

The plane waves’ grating-normal spatial frequencies (the e, frequency projections) are
determined from the tangential frequencies,

[sup]
N i

[sup]

f[r][ml,m ]= \/6‘12 _( z[r][mlamz]) (f3 [m,,m, ] )2 (4.9)
f[t][mlamz] \/ g::b] _(fz[t] [m,,m, ])2 —(f3[t][m1,m2 ])2 (4.10)

(The square root branch is chosen so that the square root’s imaginary part is non-
negative, and the square root signs in equations 4.8-10 are chosen so that the incident
field propagates toward the grating and the diffracted fields propagate away from the
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grating.) Equations 4.7-10 define all of the field’s spatial frequencies, based on a
specification of £\, f17 and the grating frequencies.

In general, the order indices m, and m, range from —oo to + o, but for
computational applications only a finite number of orders is retained. The retained orders
are defined by the index limit sets J, (which limits m, ) and J, (which limits m,),

m, € M, (4.11)
m, € M,[m,] (4.12)

The m, limit set M, is a function of m,. For example, Figure 5 illustrates a particular
diffracted field’s tangential frequencies (indicated as dots). The integer pairs represent
diffraction order indices (m,, m, ), and if only the labeled orders are intended to be
retained then the index limit sets would be defined as follows,

M, ={-2,-1,0,1,2} (4.13)
M[-2]=1{0,1,2}

MI-1]={- 1012}

M[0]=1{-2-1,0,1,2} (4.14)
M[1]= ~1,0,13

M[2]={-2,-1,0}

The incident field amplitude is orthogonal to £,

f“] CEMN — (4.15)

E' is specified in terms of its projections onto two unit vectors §'” and p!”, wherein
s is orthogonal to ¢, , and §' and p'” are both orthogonal to ",

s =¢, s +é, s (4.16)

P =é p'+é, pil+é py (4.17)
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(_ i g )

S () () 20
) NGO

[ i)
(sz > 83 )= (_f[g] f[g]) _ (4-18)
DL i () () =0
JUED + (50
f?[” - xf“] 21/~ 5] (4.19)
The incident field is represented as
EV[%] =35 EV[x]+ p1 EV[X] (4.20)

€3T

22 %Ly %02

21 %y Ao %

‘20 %Lo  wo Pao  %eo T

*.-n %.-n %oy %2

0.0 %o e
Figure 5. Electromagnetic field’s tangential spatial frequencies.
s and p basis vectors are similarly defined for the reflected and transmitted
orders, and the diffracted field amplitudes are projected onto these bases. For the
reflected waves, the following definitions apply,

§[r][m1 m,|=é, Sgr] [m, m,]+é, Sgr][m1 m, | (4.21)
ﬁ[r][ml m,]=e¢, p1[r][m1 m,]+e, pgr][ml m, |+ é} pgr][ml m, | (4.22)
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(Sgr][ml’mz]a Sgr][mlsmz]):
(—f3[r][ml,m2], z[r][mlamz])

NGy my D + (7 my,m, )2
(s, fla)

JUED 4+ (£l

if (fz[r][mlamz])z +(f3 "l [m,,m, ])2 =0

if (fz[r][’/’/lla’/’/lz])2 + (ﬂr][mlamz])z =0

(4.23)
P my,my1=+8"m,,my 1% fU[m,,my A/ e (4.24)
HEV my,m,|[¥] = (425)
gt [mlamz]fny] [m,,m,][X]+ ﬁ[r] [ml,mz]ffEL’] [m,,m,][x]
For the transmitted waves, the definitions are
§[t][m1 m,]= éz ng][ml m, |+ é3 Sgt][ml m, | (4.26)
P m, my]=é, p"m, m,]+é, p[ o. plf! 4.27
1M, 1 P 1M, , Py [mymy]+e; pyi[mym,] (4.27)
(s m my 1, sVmy my )= (Y m my ], sy m, ) (4.28)
PUmysmy 1= =8 my,m, 1% f190my ,my 1A TN ) (4.29)
Em,,m,][X] =
JE [m;,m, ][X] 4.30)

§[Z][m1’mz]fﬂ;s[t] [m,,m,][x]+ ls[t][mlsmz]fﬂ;g][mpmz][i]

5" is equal to 5! (equation 4.28) because all the terms on the right side of equation 4.23
would be the same with f[’] substituted for f[’] (equation 4.7). Note the sign convention
for p: Equations 4.19 and 4.29 include a minus sign, whereas equation 4.24 does not.

The diffracted fields are linearly dependent on the incident field, and the linear
coefficients for order- (m,,m,) reflected and transmitted waves will be represented by

reflection and transmission matrices R[m,,m,] and T[m,,m,],

4.31)

R_[m, ,m R, [m,,m
R[ml,mz]:( 5,3[ 1 2] ,p[ 1 2]}

Rp,s[ml,mz] Rp,p[ml,mz]
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I [m,m,] T, [ml’mz]J (4.32)

Tp,s[ml7m2] Tp,p[mlsmz]

T[mlamz] =[

In defining these matrices, the incident and reflected amplitudes are evaluated at point

X =¢, b[L,] on the grating’s top surface (equation 3.3), and the transmitted amplitudes
are evaluated at point X = ¢, b,[0] on the grating’s bottom surface (equation 3.2),

f]ES[r][ml,mz][él bl [Ll]] . Rs,s [mlamz] Rs,p [mlamz] Es[i] [él bl[Ll]]
ijz[:][ml’mz][él b[L]] B R, [my,m,] R, [m,m,] Ez[;][él bhiL]]
(4.33)

JEW [my,my (8 b[011) (T, [m;,m,] T, ,[m,m,]\( E¥'e b[L,]]
FEVm m, 6, b,[011) \T,,[m,m,] T, ,[m,m,] )\ EV[é, b[L1]
(4.34)

The incident power P"! propagating toward the grating (i.e., in the — ¢, direction)
is (within a dimensional constant)

P = —(| EV P +|EY \Z)Re[/l £ (4.35)

Similarly, the reflected power P"/[m,,m,] propagating away from the grating (in the
+ ¢, direction) in the order- (m,,m,) reflected wave is

P m,,m,] = (I JE [my,m) 1P +| fE [m,m,] IZ)RG[/1 S my,m, 1]
(4.36)

and the transmitted power P"/[m,,m,] propagating away from the grating (in the — &,
direction) in the order- (m,,m,) transmitted wave is

P[t][ml’mz] = _(| ﬂgt][mlamz] |2 +] ﬁEEf][mpmz] |2)Reu~f1[t][m1amz]]
(4.37)

(The incident and reflected field amplitudes are implicitly evaluated at X = ¢, b,[L;] in
equations 4.35 and 4.36, and the transmitted amplitudes are evaluated at x = ¢, b,[0] in
equation 4.37.) The order- (m,,m,) reflected and transmitted diffraction efficiencies
n"[m,,m,] and 7"'[m,,m,] (i.e., ratio of diffracted to incident power for each
diffracted order) are
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, P m,,m,]
7' ][ml,m2]=#
. . 4.38
_ | /f 5[~][m15m2]‘2+|ffE£;][m1am2]|2 Re[ﬂ[r][mlamz]] ( )
|EX PP+ EN P Re[ /"]
: PY[m,,m,]
= L)
; 4.39
_ |ﬁEb[-t][mlamz]‘2 +|ﬁEL][m1’m2]|2 Re[ﬁ[t][mpmz]] ( )
|EX P+ EV P Re[ ]

(For an evanescent wave in a lossless medium, f, is pure imaginary, so its diffraction
efficiency is zero.)

Part 2: Theory and Methods

5. Fourier expansion of the electromagnetic field

The total electromagnetic field consists of the incident field (which has the form

described by equation 4.1 for £, and a similar form for H ), and the diffracted field
(which includes the reflected and transmitted fields as well as the field within the

grating). Since the grating is invariant under translation by period d 1#l (equation 3.8), it
can be expected that a translation of the incident field by c?l[g] will have no effect on the
resulting diffracted field other than to translate it by the same offset. A translation of the
incident field by d 1# has the same effect as multiplying the field by a constant factor of

expl[i2z 1 e d®],

-

EV[%+d® = EV[X]exp[i2z [ o d®] (5.1)

(from equation 4.1). The diffracted field can be expected to have a linear dependence on
the incident field, so the resulting diffracted field will also be scaled by the same factor.

Hence, a translation of the diffracted field by d 1] is similarly equivalent to applying the

above scaling factor, and therefore the above relation applies to the total (incident plus
diffracted) field,

E[X+d¥]= E[X]exp[i27 [ e d¥] (5.2)
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Since c?l[g] has no ¢, component (equation 3.5), the scale factor in equation 5.2

only depends on the projection of /7 parallel to the grating surface, denoted as %,
]r[ip] =&, fil 46, £ (5.3)
E[X+d¥]= E[X]exp[i27 [ o d¢"] (5.4)

(The *“ p in the superscript connotes “parallel”.) This implies that the total field divided
by exp[i2z /) « X] is periodic with period d¢',

E[X+d¥ ]/ exp[i2z £ o (% +d'®)] = E[X]/exp[i27 [ e X]  (5.5)
The same type of condition also holds for the grating’s second fundamental period, d lel
E[X+d¥ ]/ exp[i2z f17) o (% +d¥")] = E[X]/exp[i27 [ e X]  (5.6)

The displacement periods d!®' and d'®' in equations 5.5 and 5.6 are in the ¢, , é,

plane (equations 3.5, 3.6), so the right-hand expression in these equations can be
represented as a biperiodic Fourier series in x, and x,. Denoting the order- (m,,m,)

Fourier coefficient as ffE [m,,m,][x,], the following E -field Fourier expansion is
obtained,

E[3]= Y. fE[m,,m,]1[x, lexp[i2z £ [m,,m,]eX] (5.7)

my,my

wherein the field’s grating-tangential spatial frequencies f”’ [m,,m,] are

]:[p][ml ,m, ] = J?[ip] +m, J_;l[g] +m, J?z[g] (5.8)

(The fundamental grating frequencies ﬁ[g] and fz[g] are defined by equations 3.25-27,
and the periodicity conditions 5.5 and 5.6 can be verified directly using equations 5.7 and
3.27.) The coordinate representation of f"[m,,m,] is

f[p][ml,mz] =e, fz[p][ml,mz]+é3 f3[p][m1am2] (5.9
L0 my,my = £+ my S5 m, £ (5.10)
FPmy,my1= I +m, £ +m, £18 (5.11)
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The magnetic field H is represented by a similar Fourier expansion,

H[%]= Y fil[m,,m,][x,Jexp[i 27z f'"'[m,,m,]e X] (5.12)

nmy,my

Based on the order limit conditions 4.11 and 4.12, the field expansions 5.7 and 5.12 are
truncated as follows,

E[X]= > Y fEm,m,]x Jexpli2z ) [m,,m,]e 5] (5.13)

myeMy meM[m]

[:[[)_c']; Z Z ﬁﬁ[mlomz][xl]exp[izﬂ'i[p][mpmz]’55] (5.14)

myeMy, meMm,]

6. The Maxwell Equations and homogeneous-medium solutions

The Maxwell Equations (in Gaussian units) for a time-periodic electromagnetic
field in a linear, isotropic, non-magnetic medium are

VxE =i H (6.1)
VxH=—i2ZsE (6.2)

wherein A is the wavelength in vacuum and ¢ is the complex permittivity. An implicit
time-separable factor of exp[—i2zct/A] is assumed. (¢ is time and ¢ is the speed of

light in vacuum.) The minus sign in this time factor implies Im[¢]> 0 (relation 3.4).
Considering the case where ¢ is equal to a constant &' (within some x, range),
gx]= &' (6.3)

substitution from equations 5.7 and 5.12 in 6.1 and 6.2 yields

iz”]?[p][mpmz]Xﬁi[mlamz]+é1 x 0, ffE[mpmz]:

'2 . (6.4)
lTﬂﬁ(H[mlamz]

iZﬂf[”][ml,mz]xﬁ]:[[ml,mz]+él x 0, ﬁﬁ[ml,m2]=

_ 6.5
_l‘ZT”g[C]ﬁE[umz] (>
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(0, represents the derivative with respect to x,.) Particular solutions of these equations
are of the form

JELm;,m,1[x,]1= A expli27 f, x,] (6.6)
fH[m,,m,1[x,]1= A" exp[i27 f, x,] (6.7)

wherein 4", 4" and f, are undetermined constants. Defining

f=éf+é f,+éf, (6.8)
with

fo = £ my,m,] (6.9)

[y = £ my,m,] (6.10)

equations 6.4 and 6.5 reduce to

Ny

Fx AE =1 gl (6.11)

SNNE

Fx AU = — L glel flE] (6.12)

€L
A

The unit vector § is defined by’

S=¢€,8,+és, (6.13)
(_f3’ fz) i ) )
2 2 (fZ) +(f‘3) ¢O
Sy, S3)= (fz)[;]r(ﬁ)[g] (6.14)
( ) (_ﬂlﬁ 2.1 . 5 5
Jamr gy T

f, §,and §x ]7 form an orthogonal set of basis vectors, and projecting equations 6.11
and 6.12 onto these bases yields

fed =0 (6.15)

3 For the case (f,)° +(f3)* =0, § could be just as well defined as any unit vector orthogonal to €, .

Definition 6.14 makes the choice independent of the coordinate bases €, and €, .
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fedP =0 (6.16)
(Ex fyed™ =L5e 4" (6.17)
(Ex fred" =—Lel5e 4" (6.18)
(fo/)Ged™)y=—L(5x f)ed" (6.19)
(fo)(Ged™)y=Le (5% f)e A" (6.20)

By substituting equations 6.17 and 6.18 on the right sides of 6.20 and 6.19, the following
condition is obtained,

fof=e2 (6.21)

This condition determines the possible values for f|,

[c]
fi= i\/zz ~()* = ()’ (6.22)

(It is assumed here that f, is nonzero, although this limitation will later be removed.)

Defining the unit vector

f?zi§x[ 4 jj (6.23)

gl

A"V and 4" can be represented as

AP = § 417 +j7A;E] (6.24)

A" = £ 4" + p AV (6.25)

This representation automatically satisfies equations 6.15 and 6.16, and equations 6.17
and 6.18 reduce to

A = gl gLE) (6.26)
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A = gl 417 (6.27)

The “£ 7 signs in equations 6.23 and 6.25 are, by definition, correlated with the
f, sign in equation 6.22. The definitions include these signs as a notational convenience,

to make the equations symmetric with respect to inversion of the x, coordinate

(x, < —x,). The x, inversion changes the sign of all vectors’ ¢, projections (e.g., f,
changes sign, cf. equation 6.8, and consequently expressions 6.23 and 6.25 also change
sign). Normally, the equations involving cross products would only be valid in a right-
handed coordinate system, whereas the coordinate inversion makes the coordinate system
left-handed. However, the equations can be preserved by changing the signs of all cross
products in the left-handed system. The + sign in equation 6.23 makes this equation
valid under x, inversion, and the * sign in equation 6.25 implicitly changes the sign of
A" under x, inversion (without changing 4!"' or ALH 1) so that equations 6.11 and 6.12

remain valid.

A plane wave can be fully specified by its £ field because its A field is
determined by equations 6.26 and 6.27. However, an alternative approach that will be
more convenient in the analyses to follow is to specify the electromagnetic field in terms

of the E and H fields’ § projections (4"’ and A™), and let the p projections (4L
and ALH 1) be determined implicitly from equations 6.26 and 6.27. This approach is

advantageous because continuity conditions between strata are applied to the surface-

tangential projections of £ and H , of which the fields’ § projections are a component.
The surface-tangential projections also include the projections onto vector ¢, which are
defined as

G=18x8, =%(2,5,-8,5,) (6.28)

(g is a surface-tangential unit vector orthogonal to §, and a “+” sign is again included
to make the definition invariant under x, sign inversion.) Using the following relation,

A

che 1
q p‘@l

(from equations 6.23 and 6.28) the following expressions for the surface-tangential fields
are obtained from equations 6.24-27,

(6.29)

§e A1 = 4IB] (6.30)

§ e AU = 4 40 (6.31)
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. - A
Go AP = T £, AU (6.32)
Go A =F 1 f, A7) (6.33)

The above plane-wave equations can be rephrased in the context of general

solutions of equations 6.4 and 6.5. ]7 is rewritten as f[i][ml,mz] to indicate explicitly its
dependence on the diffraction order indices and the sign choice in equation 6.22,

j[i][”’h sm, | = é1 fl[i] [m,,m, ]+ éz fz[i][ml ,m, |+ é3 f3(i) [m,,m,] (6.34)

[c]

S my,my ] = i\/zz — (37 my,my ) = (fi"[my,m,])? (6.35)
2[+][m1’m2]=f2[_][m1’m2]=f2[p][m1am2] (6.36)
f3[+][m17m2] = f3[_][m19m2] = f3[p][m1:m2] (6.37)

(cf. equations 6.9, 6.10, and 6.22). §, p and ¢ are similarly rewritten as S[m,,m, ],

ﬁ[i] [ml 7m2] and é[i][ml 5m2 ] ’
Slm,,m,]=e, s,[m;,m,]+ &, s,[m,,m,| (6.38)

(Sz[mlamz]a s;[my,m, ]):

_ glpl [r]

J<(f[f;[ [mn;)] | (J;[ ][[m“mZ]%Z if (A7 mm, ) + (2 mym, 1) 20
2 my,my )"+ (f3 [my,m,
s, A

JUAE) + (102

if (fz[p][m1 5 1My ])2 + (fs[p] [m,,m, ])2 =0

(6.39)

ﬁ[i][mpmz] = i§[ml,m2]x{%f[ﬂ[ml,m2 ]} (6.40)
&

‘}[i] [m,,m,]=x8[m,,m,]|xe ==x(e,s;[m,m,]-eé;s,[m,m,]) (6.41)

(cf. equations 6.13, 6.14, 6.23, and 6.28). General solutions of equations 6.4 and 6.5
comprise “up” and “down” waves, which are identified by “+” and “-" labels,

JE[m,,m,][x,]= ﬁEH [m,,m,][x, ]+ ffE[_][ml my ][x,] (6.42)
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[Hmymy 1x 1= fH [mymy 1x 1+ 7 [mymy ], ] (6.43)
wherein ffE™[m,,m,] and ffH"![m,,m,] have the functional form
AES m,,m,1[x,]= ;I[E’i][ml,mz]exp[i 27 £ m,,m,]x,] (6.44)

SHS my,my1[x, 1= A" m,,m, Jexpli 2z £ [m,,m,]x,] (6.45)

(cf. equations 6.6 and 6.7). These functions can be represented in terms of their § and p

projections,
[+] —
JE= [my,m,] = (6.46)
§[m1’m2]ﬁE£i] [m,,m,]+ ﬁ[i][mlamz]ﬁELi] [m,,m, ]
r7(£] _
SH = [my,m, ] = (6.47)

T (§[m1am2]ﬁ{H.£i][mlam2]+ ]A?[i][ml,mz]ﬁq—liﬂ[ml,mz])

(As with equation 6.25, the + sign in equation 6.47 is included as a notational
convenience, to preserve invariance of cross-product relationships under x, sign

inversion.) The § and p projections satisfy the following relationships,

SHSm,,m, 1= ES m,,m,)] (6.48)
ﬁHLi] [my,m,]= _@ﬁE?] [my,m, ] (6.49)

(cf. equations 6.26 and 6.27); hence only the § projections need be specified. Surface
continuity conditions between strata apply to the fields’ projections onto § and ¢, which

are defined as

§[my,m,1e fE[m,,m,][x,]= (6.50)
HES m, ,my1[x, 1+ E [m,,m,][x,]
§[m1am2]°ﬁﬁ[m1amz][x1] =

6.51
SH Ty my 10x 1= fH 7 mymy ][] (©3D
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‘]H[mlamz] .fﬁ[ml’mz][xl] =

A [+] [-] (6.52)
Efl [m,m, |(ffH " [m,m,][x, 1+ ffH"'[m,,m,][x,])

C}H][ml:mz]'fffl[m1am2][x1] =

(6.53)
-4 flm [m,,m,] (ﬁ{E.EH [m,,m,][x,]- ﬁEs[_] [m,,m,][x,])

(cf. equations 6.30-33).

7. S matrices

Although the plane-wave equations of section 6 only apply in a homogeneous
region, they can be formally adopted to apply throughout the grating structure. We can
suppose that an infinitesimally thin, homogeneous layer of permittivity &'/ is interposed
in the grating structure at any particular x, level. The layer is too thin to significantly

affect the electromagnetic field outside the layer, but within the layer the field comprises
up and down waves, as described above. (The up/down field decomposition may lead to

numerical indeterminacy or instability when f,'[m,,m, ] is zero or close to zero for
some particular order — see definition 6.35 — but this possibility can be avoided by
defining £'! to have a positive imaginary part.)

The electromagnetic field transformation across a plane-bounded region
sandwiched between two homogeneous layers is described in terms of an “S matrix”,
which represents the linear relationship between the fields entering and exiting the
region. (“S” connotes “scattering”.) This is illustrated conceptually in Figure 6. In this

figure, F'"[x,] represents a column vector that includes all of the up-wave amplitudes
HE m,,m,1[x,] and ffH ' [m,,m,][x,], and F[x,] is a column vector including all
of the down-wave amplitudes ffE![m,,m,][x,] and ffH![m,,m,][x,]. (The ordering
of the amplitudes in F'*' and F'™! will be described in section 9.) The S matrix
characterizes a grating stratum in the x, interval x| < x, < x!"!, and it defines a linear

mapping between fields at the stratum boundaries. The fields entering the region include
the up waves entering from the bottom ( F'"'[x!']) and the down waves entering from the

top (F"'[x!"]); and the fields exiting the region include the down waves at the bottom

(F™'[xI7) and the up waves at the top (F"*'[xI"']). The S matrix comprises submatrices
S00, S01, S10, and S11, and the mapping between the entering and exiting fields is

FOLIT) (S00 SO FE] 1)
FUy ) Ls10 - s\ FI ] '
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FULx] FOLx"]

Figure 6. Up and down waves entering and exiting a grating region.

The grating analysis represents all stratum interfaces as infinitesimally thin,
homogeneous layers (“fictitious layers”), with the permittivity constant (£'! in section 6)
denoted as ¢!/ in the fictitious layers. (The  f ” superscript connotes “fictitious”.)

Separate S matrices are computed for all strata and for the substrate and superstrate
boundary interfaces. A “stacking” algorithm described in section 8 is used to combine
these S matrices into a composite S matrix for the entire grating structure (i.e., with

xI” =5,[0]-0 and xI"" =5 [L,]+0 in equation 7.1, wherein “— 0 and “+ 0 mean x,
limits from below and above, respectively, and the b, values define the grating
boundaries as defined in equations 3.2 and 3.3).

The stacking is performed from bottom to top. The initial value of the S matrix
below the grating (i.e., with x{! = x!”) = ,[0]-0) is given by the condition

W =x" - S00=S11=0, S01=S10=1 (7.2)

wherein “0” is a zero matrix and “ 1 ” is an identity matrix. The stacking operations
progressively move x| up through the grating until x{" = 5,[L,]+0. At each stage of the
stacking operation only S01 and S11 need to be calculated because F"[x"'] is zero at

%" = b,[0]-0 (i.e., there is no incident field entering the grating from the substrate
side).

The S matrix computation for an individual stratum is simplified somewhat by
taking advantage of the following symmetry relations,
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S§00 = S11

for a stratum (7.3)
S$10 =501

This is a consequence of the x,-independence of the permittivity within the stratum, and
the identical permittivities /! above and below the stratum. Also, this condition relies
on the magnetic field sign convention represented by the “+ ” in equations 6.25 and 6.47.

(Relations 7.3 are proved in Appendix C.)

The stacking operation described above can be used to efficiently compute the
diffracted field outside the grating, but if the field inside the grating must be determined a
slightly different approach, outlined in Appendix D, may be used.

The S-matrix blocks S00, SO01, S10, and S11 are diagonal or block-diagonal for
some stratum types, and section 9 outlines how the S matrix calculations are structured to
take advantage of the matrix sparsity. Sections 10 through 16 derive algorithms for
computing S matrices specifically for boundary surfaces, coordinate breaks,
homogeneous strata, uniperiodic strata, and biperiodic strata.

8. S matrix stacking

The S-matrices across two adjacent x, intervals can be “stacked” to determine a
composite S matrix covering both intervals, as follows. Consider an S matrix Sa
covering the interval from x, = xI” to x, = xI", and an S matrix Sh covering the interval

from x, = xI" to x, = x/*,

FU™]) (Sa00 Sa01)( F[x¥] (8.1)
FU])~ (Salo Sall )| FO[] |
FUOLXMT) (600 SHOT( FII[x] (8.2)
FUx7) (Sp10 - Sb11){ FU[x)] |

(cf. equation 7.1). We wish to obtain a composite S matrix covering the combined

interval from x, = x”! to x, = x1*),

FUx"]) (800 SO\ FM[x"] 83)
FUxP]) \S10 0 S11){ FU [ '
Equations 8.1 and 8.2 can be stated equivalently as
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0 Sa01 \(FY[x"]) (=Sa00 I(F"[x"] 8.4)

I —Sall)| FIxM) | Salo 0 )\ FP [« '

0 SbO1 \(F™[x]) (=Sb00 I\(F"[x!"] 8.5)

I —Spi1){ FOx]) L sp1o o)\ FP X '

F™[x!""] can be eliminated from these equations,

SallSa01™" I)(=Sa00 I\(FU[x"]) (FPrx"]
Sa01" o)\ Sal0 0\ FOx]) | FOI)

(8.6)

(0 Sh10™ 0 ShO1 \( F&™[x
I Sb00 Sh107" )\ I —Sb11){ FUx"]
Next, the incoming and outgoing field amplitudes are separated on opposite sides of the
equation,

~Sall I \(Sa01" 0 (F7x7)
I -spoo)\l o0 splo” | FUxY)

Sal0 0 N Sall 1 Sa01™" Sa00 0 FUx
0  ShOl I —Sh0O 0 Sh107" Sh11) \ FI[x2]
(8.7)

Comparing this with equation 8.3, the combined S matrix is*
S$00 SO01) | (Sa01 0 )(—Sall I !
S10 S11) 0 Shl0 1 - Sh00

Sal0 0 N —Sall 1 Sa01™" Sa00 0
0 Sbh01 1 - 5600 0 Sp107" Sh11

500+ Sa01 Sb00 (I — Sal 1 Sh00) ™ Sal0 Sa01(I — Sh00 Sall)™ Sb01
ShLO(I — Sal1 Sh00)™" Sal0 Sh11+ Sb10 Sal1(I — Sh0O Sall)™ ShO1
(8.8)

* Slightly different but equivalent forms of equation 8.8 can be obtained by using the identities
Sb00 (I — Sall Sh00)™ = (I — Sb0O Sall)™ SH0O

Sal1(I - Sh00 Sall)™" = (I —Sall SH00) ™" Sall
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As noted in section 7, only S01 and S11 need to be calculated when the S matrix
stacking is performed from bottom to top. (Note that in equation 8.8 S01 and S11 do not
depend on Sa00 or Sal0. Thus, Sa00 and SalO need not be specified, and S00 and
S10 are not calculated.) If SO0 and S10 are required, they can be efficiently calculated
using top-to-bottom stacking operations (because S00 and S10 do not depend on SbH01
or Sh11).

9. Order enumeration and index block partitioning

In principle, the £ column vectors in equation 7.1 contain an infinite number
of elements including all of the wave amplitudes fE!"[m,,m,] and ffH"'[m,,m,] for

diffraction order indices m, and m, ranging from — o to 0. Each element of F'
corresponds to an index triplet (m,,m,, P), which includes the order indices and a

“polarization index” P, which can be taken to be 0 for £ and 1 for H . In practice, the
order indices are limited to a finite set, as defined by conditions 4.11 and 4.12.
Furthermore, the set of index triplets can often be partitioned into a number of subsets,
which will be termed “decoupled index blocks™, such that the exiting wave amplitudes
corresponding to each subset depend only on entering wave amplitudes of the same
subset. In other words, the S-matrix blocks S00, S01, S10, and S11 comprise
decoupled submatrices (i.e., S00, S01, S10, and S11 are block-diagonal or can be
made block-diagonal by applying a permutation to the row and column indices), and each
index block corresponds to one of the decoupled submatrices’ row and column indices.

The set of all index triplets (m,,m,,P) included in the calculation will be
organized in terms of two enumeration indices: a block enumeration index j, which
labels the decoupled index blocks, and an array index &, which enumerates the

(m,,m,, P) triplets within each block. This organization is defined by enumeration

functions m!™™ ml™™ and P™™,

(ml’mZ’P) = (ml[enum][j7k]amgenum][jak]ap[enum][j7k]):

(9.1)
=l =10 k]

.[max]

The number of decoupled index blocks is ;"™ , and the number of (m,,m,, P) triplets
within block j is ™[ j]. The component of F"/[x,] corresponding to block
enumeration index j and array index k will be indicated as F*/'[x,], which is defined

as

FE I ™, k], mE™ ™k lx ] if P, k] =0
JH S Im kL kX ] i PRI k] =1
(9.2)
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The decoupled submatrices in S will be similarly labeled with a “ j ” superscript, and
equation 7.1 will be restated as

F[_’j] (0] Soo[j] SOl[j] F[+’j] [0]
(F[+,j][[2[1]]]):(S10[j] §117 F[—,.i][[illm]] ©-3)
(for decoupled index block j ), or more explicitly,
FxN “"“‘Z]: S00%}  SO1YL Y F- X
Fleipxmy ) &\ s1olh, sl WM ) (9.4)
k=1.. k"]

In applying the stacking operation (equation 8.8) to combine S matrices Sa and
Sb into a single matrix S, the decoupled index blocks of Sa and Sh are merged in such
a way that if a block of Sa intersects a block of Sb, then the union of the two blocks is
included in a single block of S'.

10. The S matrix for a boundary surface

In defining the S matrix for a boundary surface between two homogeneous
regions, x”’ is immediately below the surface and x!' is immediately above it in
equation 7.1; see Figure 7. (The difference x!"' — xI”! is infinitesimal.) The permittivity

below the surface will be denoted &', and the permittivity above the surface will be

denoted &!".

X
A

F[x"] FH ]

@

boundary surface
@ _ o
FU X

Figure 7. Up and down waves crossing a boundary surface.

FUILx)
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operations are performed (each one doubling the thickness) to obtain the S matrix for a
stratum of thickness x!'! — x[*!.

The i coefficient in equations 13.106, 13.107, 13.110 and 13.111 is factored out
of the exponential matrix so that the matrix is real-valued for a symmetric, non-absorbing
stratum, i.e.,

eIl |[x,, x5 ] = elll| ][-x,,— x;] ,Im[el[/ ][x,,x,]]=0 —
Im[DEH]=0, Im[DHE] =0, (13.114)
Im[®EE] =0, Im[®PEH] =0, In[OHE] =0, In[OCHH]=0

In some cases, a coordinate translation can be applied, as described in section 12, to move
the (x,,x;) coordinate origin to the symmetry axis so that the condition

el[11[x,,x,]= €l[l,][-x,,— x,] holds.

Equations 13.98-101 can be used to restate equations 13.110 and 13.111 in terms
of the up/down field amplitudes, ffE'"/) and ffH'"/'. Defining

Fled Lf;fii}ﬂ (13.115)

equations 13.110 and 13.111 translate to
FUA00 L Ay 1 @l ([ F )
['xlo ]] — [xlo ] (13.116)
F[_][xl[ ]+Ax1] q)[—ﬂ q)[——] F[_][Xl[ ]]
wherein

Pl =

1((1 0 1 0 N 0 I
5 (1] oy || PEE 1y et | TPEH [+,/]
210 & aart 0 (A/eNydft _AdftN g

—(Adf1) I 0 0 I
+ 0 (Adfi™") —iOHE . |+ OHH )
I 0 0 (ﬂ,/é‘['ﬂ)dle"I] —Ad 1[+,./] 0

(13.117)

In equation 13.117 the + signs (unprimed) are correlated, and the +' signs (primed) are
correlated. The df{"/! term is guaranteed to be non-singular if ¢! has a non-zero
imaginary part (see equation 13.88).
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Equation 13.116 can be rearranged as follows, with the waves entering the
stratum on the right side of the equation and the exiting waves on the left,

—p1 7 F L0 P+l 0 FT 0
il SR CERETS
o o \FUIxT+Ax]) (—oUT 1) FU + Ax, ]

This equations can be solved for the exiting waves to determine the S matrix,

FOM ) (S00 So1\  FMIx (13.119)
FUXY 1Ay 1) (S100 ST FUY + Ax, ] '
wherein
§00 SO01) (0 (@) o+ g
S10 S11) (1 ot (@' ot 1
(13.120)
— (@) ot (@
- (D[++]_(D[+—] ((D[——])—lq)[—ﬂ (I)[+—] ((D[——])—l

It is not necessary to compute the entire S matrix. Based on the symmetry
relations 7.3 (500 =S11,510=S501) only SO1 and S11 need be determined. Taking
advantage of this symmetry, the following stacking operation effectively doubles Ax,,

[SOIJ ( S01(I-S11%)™" 501
<_

o (Ax, < 2Ax,)  (13.121)
S11) (S11+801S11(1 - S112)™ 501

(from equations 7.3 and 8.8, with Sa = Sb = §'). This operation is repeated sp times to

build up the full S matrix for a stratum of thickness x!'' — x!”! = 2% Ax, (cf. equation
13.113).

14. The S matrix for a uniperiodic stratum

A uniperiodic stratum can be treated as a special case of a biperiodic stratum,
requiring just a few specializations or modifications of the equations in section 13. In
equation 13.1 the range of n, is limited to {0},

elx] = el 1[x,,x;] = Z:ﬁ"gl[l1 ,n,,0]expli2x n, fl[s][l1 JeX] (14.1)

Equation 13.4 reduces to

GD-Calc.pdf, version 09/17/2008
Copyright 2005-2008, Kenneth C. Johnson
software.kjinnovation.com



53

(m1= m2):(ml[0]’ m£0])+nl(hl,l[ll]ﬁ h1,2[11]) (14.2)

and equation 13.5 is replaced with the following definition of #,

ﬂmmk%ﬂW:m—MMWmdm? (143)

If |y 1 <[ o000 ny = floor{m, / by ,[1,]]

(A, [4,] and Ay ,[/;] cannot both be zero; see condition 3.21.) Relations 13.6 and 13.7 are

replaced by a single relation constraining just one of the base indices m!” or m!”,

1F Vi 041 | o 11,1 0<m@/hi“<l} (14.4)

If |y (4] < [Pol0 ] 0<mi k5 [1]<1

Since the other base index is unconstrained, there is an infinite number of base index
pairs (m"),ml"") and associated decoupled index blocks. But in practice the order

truncation (conditions 4.11 and 4.12) will eliminate all but a finite number of index
blocks.

All remaining equations containing n, are modified according to the restriction
n, = 0. In particular, equation 13.15 and 13.28 reduce to

el7] = 611, 1[x,.%,] = felll,. 0][x,] (14.5)

1 1
5] = ETARES = frel(l,0][x, ] (14.6)

(i.e. the coordinate orientation defined by equations 13.14 makes the stratum permittivity
independent of x;.) The periodicity conditions 13.41 and 13.42 are replaced with a single

condition,
el 1x, +1/f2[j] (1, x;]=¢lll 1[x,,x;] (14.7)

Substituting equation 13.14 and n, =0 in equation 13.11 yields

J?[p"/][nl Ny )= j[[p’j] +n éz fz[,sl][ll] (14.8)
Hence,

fs[p’j][nlanz] = f3[ip’j] (14.9)
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Thus, with the choice of coordinate orientation defined by equation 13.14, all of the
field’s spatial frequencies share the same &, component. If £1”/) =0, these components
will all be zero; and applying definition 13.66, the following conditions is obtained

f3[ip,_/] -0 — f3[’i,./] —0 (14.10)

Based on definition 13.90, it also follows that if f{”/) =0, then s/} will be zero, with
the possible exception of the case (f17/")* +( (")’ =0 and f[¢! 0. (Section 15
describes a modified definition of §}’! that can be used to avoid the exceptional

condition, ensuring that s/} =0 forall k¥ when f"/'=0.)

If ng,{ =0 for all £, then differential equations 13.106 and 13.107 separate into
decoupled TE (“Transverse Electric”’) and TM (“Transverse Magnetic”) fields,

W_g {al WEV =iDER"™ fH, 06, fH}' =i DHE"™ fE" (TE)
1=

0, fEV =i DEH"™ ' 6, ffHY =i DHE™ fEVT (TM)
(14.11)

wherein

DEH"™ =-227] (14.12)

DHE'™ =27 (- Ldst trtrgt st + A((df2) + @ "y?))  (14.13)

DEH™! =27 (%1 — @Y+ (df1P ) el (a1 + (dfir ) )
(14.14)

DHE™! =22 45\ rirz1 s’ (14.15)

In this case, the matrices DEH and DHE (equations 13.108 and 13.109) have the
following form,

0 DEH'™]

DEH = (DEH[TM] 0 (14.16)
0 DHE'™!

DHE = (DHE[TE] , (14.17)
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Solutions to equations 14.11 are of the form

FEV ™ + Ax, 1= OEE™ FEV "] +iOEH™ fH "] (14.18)
ﬁHKEj] [xl[O] +A)C1] — —iq)HE[TE] ]7E£'i] [xl[O]]+cDHH[TE] fj‘IH;/’] [xl[O]] (1419)
ﬁEEjj][xl[O] +Ax1] — QEE™ ffElg./][xl[o]]+l-q)EH[TM] ﬁHs[j][xl[O]] (14.20)

SHPLO + Ax 1=~ OHE™ FEV[x]+ OHH™ fHY[x"] (14.21)

wherein
®EE'™  o©EH!™ 0 DEH!'™!
= exp Ax, (14.22)
®HE"™ oHH'™ — DHE'™! 0
®EE™  opH™! 0 DEH'™!
= exp Ax, (14.23)
OHE™  ogH!™! — DHE'™! 0

(Ax, is defined as in equation 13.113 with the scaling factor of 2°% applied, and sp
stacking operations are subsequently applied to remove the scaling factor.)

With polarization decoupling, the index block corresponding to base indices
(ml[ol,mgo]) , as defined in section 13, is split into two decoupled index blocks, both
corresponding to the same base index pair (m!”,m"") but corresponding to different
polarizations (TE or TM). With this separation, each index block ; has polarization
indices P*™™[j, k] (equation 9.2) that are all identical (0 for TE, or 1 for TM),

0 forTE
P[e““m][j,k = (14.24)

1 for TM

Definition 13.115 is modified as followed for with polarization decoupling,

, =71 for TE
prean 2 JOE for (14.25)
fHS for TM

55

The up/down field amplitudes F™*/! are defined by equations 13.98-101. Based on these
definitions, equations 14.18-21 translate to an equation having the same form as equation

13.116, wherein
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1 (©@EE"™ Fi®EH"™ A df "] o TE
o |20 Q) (OHE™ £ OHHT™ 2df) o
(Dii —
(1 (Adfhy ((DEE[TM] (A/g["])dﬁ[*’f] J_rrl-CDEH[TM]) for TM
2 +(-idHE™ (4/ V) df ) +' dHH™)
(14.26)

The S matrix is then defined as in equation 13.120.

15. Change of s basis to maintain polarization decoupling

As noted in section 14, if f]”/) =0 then s¥/; will be zero for all &, with the

possible exception of the case ( fz[j’j 2 4( ﬂi’ 1)? =0 (see equation 13.90 and condition

14.10). However, the second branch condition in equation 13.90 (“if ... =0”) can be
modified to avoid the exceptional condition, ensuring polarization decoupling for all

diffraction orders in the j -th index block when f1”"/) = 0. The second branch condition
is modified to make §I/! orthogonal to the stratum’s basis frequency vector /*[/,],

rather than the grating’s basis frequency ﬁ[g I

(_ 1] 2[1/:1]) | |
[p,;‘] 2 j[p,j] 2 if (fz[,[/)c"/])z +(f3[,i"]])2 #0
(sv1, sul)= \/(fz,k )"+ (5K
we (‘ AN fz[fi][ll]) o lpgIN2 [p /1Y 2
[s] 2 051 > if (fz,k’ ) +(f3,k, ) =0
JUSILD? + (LD

(15.1)

With the coordinate orientation implicit in equations 13.14, the f3[j][ll] term in equation

15.1 is zero, so that s/} is zero.

None of the results of section 13 or 14 is affected by the adoption of definition
15.1 in lieu of 13.90; however, the S matrices for all strata must be modified to revert to
the common definition 13.90 before stacking them to form the grating’s cumulative S
matrix. The § basis redefinition can itself be represented formally by an S matrix by the
procedure outlined below.

No more than one of the tangential frequencies f[p Im,,m,] (definition 5.8) can

be zero because the grating basis frequencies /¥ and f!*' are linearly independent (cf.
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equations 3.25-27). We assume that f[” I[m,,m,] is zero for particular order indices

(my,my) = (my - my),

(2" I m5 D) + (5 Ty my '] =0 (15.2)

(The connotation of the “ L superscript is that the order’s propagation direction is
perpendicular to the substrate.)

The electromagnetic field representation for diffraction order (m{*,m}") will be

based on §[m|",m\"] and ¢"'[m!, m}"] projections (unprimed) at a particular level

x, =x1" in the grating, and will be based on §'m"!, mi] and 7't [ml[”,mgu]
projections (primed) at level x, = x{" infinitesimally above x!”’. (x!”! and x!" are
defined to fit the basis change into the framework of an S matrix, as described in section
7.) One of the two basis vectors § or §' is defined by the second branch condition (“if ...

=0”) in equation 6.39 (with (m,,m,) = (mi*',m}"")); and the other is similarly defined,

but with f*I[/,] substituted for £¢! (as in equation 15.1). ¢! and §'®! are defined
according to equation 6.41.

The electromagnetic field is furthermore represented in terms of up and down

waves in a fictitious medium of permittivity /!, Based on equations 6.50-53 (with

gl = /1), the § basis change is described by the following relations in which “...” is

an abbreviation for “m/*!,mi"1”,

SL-AESL "1+ FESL Q"D +

3L AL LD -

) 1 1 (15.3)
S AEDL T+ FEIL ) +

I AL AL LD
S L - L) -

G2 LA EL I T - B I = s

ST JCH O 0] = H 0D =
"L AL AUED L= FEL D)

(These equations assert continuity of the grating- tangential projections of
AE[mH,m[x,] and fH[m™ mi[x,] between xI and xI")) The £ term is
defined by equatlons 6.35 and 15.2,
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(/1]

[+] _N¢
A 1= (15.5)

and the § and §"*! terms have the coordinate projections defined by equations 6.38 and
6.41. Making these substitutions, equations 15.3 and 15.4 can be restated as

;0] L.V =Sl =L NET N FEIL X
sil] —slelET s 2[...]/\/T FHOL
;[ e — 5[] S eV — U] FEFL. M
SN OO YR SO, ER) O Y PRI S B W72 (8 A [

—sl.] —sLVNET S SiL. e\ FEVL. ]

—siL] s [...]/\/_ O I S VOV AT 7 2 O [Tl

o[ e — 5[] S e — 5[] HEDL. ]
— s, JeY s L] =S WEY) — 5] JHIL K"
(15.6)

[L]

If the j-th index block comprises diffraction order (m\™,m}"), then equation

15.6 can be converted to equation 9.3, wherein

HELL. ][le
F™[x, 15.7
[x,]1= [ffH 0] (15.7)
SOO[”=(O OJ (15.8)
00
S01V! =

—(s,[... 850 T =85 08 DV eV (s,[.- 185 J+ 85085022
(15.9)

( (5,0 3550 T4 55l T80 D) (sz[...]s;[...]—s3[...]s;[...])/\/g[-”]

S10Y! =

[ (5,0 1500 T4 sl T80 D) —(SZ[...]S;[...]—S3[...]s;[...])/\/8[f]]
(s,[.. 185 1= 850 )sal . DV V! (s,[.- 185 J+ 85085022
(15.10)

(00
SV = (15.11)
00
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The inverse S matrix transformation has the same form as equations 15.8-11, but with
S[...] and §T...] interchanged. Swapping S01"! and S10"/! is equivalent to inverting the

S matrix transformation. In implementing the grating stacking operations, the S matrix
defined above must be applied to convert from the § basis defined by equation 13.90 to
that of equation 15.1; then the uniperiodic stratum’s S matrix (with TE and TM
decoupled) is applied; and then the inverse of the above S matrix is applied to revert back
to the § basis of equation 13.90.

16. The S matrix for a homogeneous stratum (with surfaces)

A homogeneous stratum is a special case of a periodic stratum in which the ranges
of n, and n, in equation 13.1 are both limited to {0} . Denoting the stratum permittivity

as &l equation 13.1 reduces to
&[¥] = [l 1[x,.x3] = ff€1[};,0,0] = £l (16.1)

In this case, there is no diffractive coupling between the field’s Fourier orders, so each
decoupled index block is associated with a single Fourier order. Furthermore, there is no
polarization coupling, so the enumeration indices k in section 9 and section 13 are
limited to the range {1} ; 1.e.

KN 1=1 (16.2)

enum

(cf. equations 9.1 and 13.56). The polarization indices P*"™[j,1] and wave amplitudes

F*7' (equation 9.2) are defined as

plemif 1] = 0 for TE (16.3)
S 1 forTM '
.. | AES for TE
Fvl[ijj] = {ﬁHEL” for TM (164)
s,1

The matrices rttel, rtrtel, and trirel that appear in equations 13.108 and 13.109
(and which are defined in equations 13.63, 13.82, and 13.83) simplify to 1-by-1 matrices,

ritel,, =1/ & (16.5)

rirtel, | = &' (16.6)
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rirel, | =gl (16.7)
Differential equations 13.106 and 13.107 separate into decoupled TE and TM fields,

{al HEY' =iDEH"™ gH! 6, fiH) =i DHEM™ ffEV! (TE)

0, fEV' =i DEH™ fiH), 8, ffH! =i DHE™" ffEVI (TM)
(16.8)

wherein

DEH"™ = = (16.9)

[e]
DHE"™ =27 (/1 ((@riry? + (ariry?)- ‘9/1 j = 2 A(fI Y

(16.10)
1 A ~ : 27 v e
DEH!™] :2”(__?((072[17,/])2 +(df3[p,/])2)j: = (fl[ 2 ])2
A & £
(16.11)
27 &'
DHE"™1 =2~ (16.12)
A
with £/ defined as
[+ j.c] g [p./1Y2 [p./12
fl T =1 PE _(fz,l’ ) _(f3,1’ ) (16.13)

In this case, the matrices DEH and DHE (equations 13.108 and 13.109) are 2-by-2
matrices having the following form,

0 DEH*!

DEH = J— 0 (16.14)
0 DHE'"™!

DHE = DHE 0 (16.15)

Solutions to equations 16.8 are of the form
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FEV X + Ax, 1= OEE™ fEV[x]+i0EH™ gHI[x]  (16.16)
SHI X + Ax, 1= =i OHE™ EV[x"+ ©HH"™ fH!I[x{"] (16.17)
FEV + Ax 1= @EE™ gEV [+ i @EH™ fHI 2] (16.18)

HHI X + Ax, 1= =i OHE™ fEV X ]+ ®HH™ fHY[x["] (16.19)

wherein
®EE'™  ®EH™! 0 DEH!'™!
- o | =exp - Ax, (16.20)
OHE'™ oHH™! — DHE'™! 0
®EE™  ®oEH™! 0 DEH'™!
. | = exp . Ax, (16.21)
OHE™  oHH™! — DHE'™ 0

The exponential matrices can be evaluated in closed form,

®EE'™  oEH!™
®HE™ oHH!™ B

i 1 ‘ el (16.22)
cos[2z f1 77 Ax, ] —Wsmpﬂfl A
A frdsin[2 £ Ax, ] cos[27 [/ Ax, ]

®EE™!  ofEH™!
OHE™ o™ |~

[+ j.¢l
cos[27 £V Ax, ] M#sinpﬁfl“’f’”] Ax,] (16.23)
&
[c]
¢ 1 +Jsc +, j,¢
——————sin[27 £" 7T Ax] cos[27 £/ Ax, ]

ﬂvfl[hj,c

Equations 16.16-19 translate to an equation having the same form as equation

13.116, wherein

61
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1 (@EE"™ F'i®EH"™ A df "] o TE
v |20 2@ (OHE™ £ OHET™ 24f1) o
(Dii —
1 £l (Adf1y ((DEE[TM] (/1/8[/'])dfl[+,j] J_rrl-CDEH[TM]) for TM
2\ +(-i@HE™ (47 7YY df ) + HE™)
(16.24)

Substituting from equation 16.22 and 16.23, equation 16.24 reduces to the following,

for TE :

[+, ]
cos[27 fi7 Axl]i'i];[+’ —sin27 £ Ax, ]
1

(D[ii']:l
2 fiJr/c +,j,c] ’ +, j,c]
+ f[ s1n[27rf1 7 Ax, 1+ cos[27 £V Ax, ]
1

(16.25)
for TM :

[f] + J,cl
1 cos[27rf1“"]Ax]+" ]{‘ Csin[27 £/ Ax, ]
P = !

s —C]f‘+ " sin[27 £/ Ax 1+ cos[27 77 Ax, ]
- 8[f] fl[+fc 1 = ! 1

(16.26)

The S matrix is then defined as in equation 13.120.

Note that £/ can be zero in equations 16.25 and 16.26, but the ratio
sin[27 77V Ax, 1/ £ /) reduces to 27 Ax, when £/ approaches zero®. If f{*//]

is zero the equations contain infinities, but this possibility is precluded by defining &' to
have a non-zero imaginary part.

5 For numerical applications, the ratio sin[27 £,/ Ax, ]/ £/} should be replaced by 27 Ax,

. 2
when ‘27[ fl[Jr’ Jrel Axl‘ < 60, wherein O is the numeric precision (i.e., the smallest value such that 1

and 1+ O are numerically distinguishable).
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17. The reflection and transmission matrices

The j, k indices in equation 9.1 corresponding to the incident E field will be
denoted as jiE , kiE ; and the indices corresponding to the incident H field will be
similarly denoted as jiH , kiH :

ji 3 i b ji b i 3 ji > i >
mi [ GiE, KiE], mE™™ [ jiE, kiE], P*"™ [ jiE, kiE 0,0,0
(1 '1)

m ]l , ) ,m ]l ) I ’ ]l 5 i =Y,
(M iH  kiH ], ™™ jiH  kiH ], P jiH  kiH]) = (0,0,1
(17.2)

Taking the S matrix in equation 9.4 to represent the cumulative S matrix for the entire
grating stack, the only non-zero terms on the right side of the equation are those
corresponding to the incident field,

) _
Pl
SOl[j]i - . . ..
SUSFJEE”hP]IfJ=ﬂE
0 foHE + (17.3)
Oj if j# jiE
SOty
qyo) | Fu T E = il
k, kil
0 £ i
1 # Jl
0 J#]

The xI” and x!" values in this equation represent the x, coordinate below and above the
grating, respectively,

x” = p,[0]-0 (17.4)
' =b[L]+0 (17.5)
(cf. equations 3.2 and 3.3).

Applying equation 9.2, equation 17.3 reduces to the following two equations,
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If Pl™[j k]=0,

FED [ kLS KT
FE I mE )

SO s -] 07 op s o
Sl 1[./',] ffEs [090][x1 ] lf_] :_]IE

k,kiE N
’ 17.6
oj if j# jiE (17.6)
o1t -
G [FHTT000M f = il

k,kiH
OJ 'f .¢ ..H

1 ] ]l

0

If Pl k=1,

SH [mEm ™ k] mE kT
SHS [mEm k] mE k)

N ] 07 e o o
sty OB 00" it = jiE

ook +
0 17.7
O] if j# jiE ( )
S011 ., o
S111 FHTN0,0][x] if j = jiH

k,kiH
OJ N

if j# ji

0

The H -field amplitudes ffH " are related to the E -field amplitudes ffE." by
equation 6.48,

HHI0,01[x"] =V e FEL[0,0][x"] (17.8)
JH T my,my [ x("] =N g™ FE (my,m, 1[x"] (17.9)
SH A my,my (6" =™ FE [my,m, ][] (17.10)
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wherein &' and &' are the substrate and superstrate permittivities (equations 3.11,

3.12). The field quantities in the above equations are designated as follows in equations
4.33 and 4.34,

E[é, x("]= fET0,0]0x"] (17.11)
EV[e, x["]= fET[0,0][x{"] (17.12)
HE Imy,my (&, x{"= FE [my,m,[x]"] (17.13)
HE Tmy,my1[e, "= FE, [my,m, |[x"] (17.14)
HE [my,my (&, "' 1= HE [m,,m,][x]"] (17.15)
HE Imy my 116, x" 1= fE), Tmy,m, 1[x"] (17.16)

Making these substitutions in equations 17.6 and 17.7, and comparing with equations
4.33 and 4.34, we obtain the following,
If Pl k] =

(ﬁ[wmuﬂwmmmmﬂﬂ:
FEV kL b ke X1

SOl[j]l [ ~ . . .o

S1 1[kf]kEJEE e x"l if j=jiE

0 k,kiE +
oj if j# jiE

/ [sup] SOI[]ZE A
SR, XM if j = jiH
[ [suj [JiE] p
v Sllkjle

0 £ e il
i i
0 J*J

T, I kL mE™™ K] T, Imi™ ™, kLm0 KT\ EVTé 2]
R I L] R I K| £,
(17.17)
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If Pl k] =1,
[£] [enum] - k [enum] - k A [0]
ﬁE [m, [J,k],m; [/, k]11[e; x; ] _
HE [m{™ ™, k], mE™ ™[, k11[e, x{"]
1/ &™) S0 £l M7 i+ o
E'[e, x;'] if j=jiE
1/ ey s11%)

+

OJ if j# jiE

[sup] / [sub] LjiH]
gt [ gl §01VY qen cn
LjiH] e EE)][el x'1 if j = jiH
Sl lk,kiH

0 o
Oj if j# jiH

_ [mlenum [] k] m[enum [j, k]] T [ml[enum] [_] k] mgenum] [],k]] EEI] [él xl[l]]
R, Im{™™ [, k1,mE™ ™, kT] R, Im™ ™), k1, my™ ™ [, k1 )\ E} T8, x1]
(17.18)

Hence, the reflection and transmission matrices are defined as follows,

If P k]=0,

SOIEcjsz . . ..
emum] [ : enum] [ - if j=jiE
F@mE]Ung]Uﬂq S1Y),
R [ml™™[ 7 k], mlem™[ 0
ol [/, k],my™ ™[],k (0 if % jiE

if j=jiH
Nl Sllkﬂ,fg,J

o

o

[T[mmWJHm?“UHq

[mfe ™, &, mie™ [, k1] -
if j# jiH

[ [ [sup] SO lk/tgH

(17.19)
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If P k]=1,
1/+/ &™) s017
[( ) kklEJ lf]=]lE

[T”’S L VRGN [j,k]]j 1/~ ey ST

R, [m ™™, k], ms™™ 7, k1] 0 L
(0 if j# jiE
bl gl solwm
( [mﬁ“wzﬂn#M%ﬂm] [ sty hm} =
L™, k], m[en”m][J,k]] 0 L
(O] if j# jiH
(17.20)

Appendix A. Fourier expansion of the permittivity

The following description of the permittivity distribution in stratum /, assumes a
coordinate orientation with e, parallel to fl[s] [/,] (equations 13.14). The stratum stripes
for a biperiodic stratum are parallel to the period vector d I[1,] (e.g., see Figure 3), and

d? [/,] is orthogonal to fI[S [/,] (equation 3.30); so the stripes are parallel to é;,
dii[h1=0; d'[L]=¢é,d[L] (biperiodic) (A1)

Figure 10 illustrates the relationship between the stratum’s period vectors (j B,

d¥[1,]), its basis frequency vectors ( £2'[1,], f&'[/,]), and the coordinate bases é, and

é;.

For a uniperiodic stratum f*'[/,] is parallel to d!*'[/,] (equation 3.23); hence
equations 13.14 imply

d3[‘1] [/,]1=0; 31[5][11] =¢,dY|[1,] (uniperiodic) (A.2)

In this case, d 111 ] is orthogonal to the stripe orientation; so the stripes are also parallel
to e, for the uniperiodic case.

Within stratum /,, the grating permittivity is independent of x,, and in the case of
a homogeneous stratum is constant; hence the permittivity has the functional form
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(7] = elll,][x,,x;] (periodic stratum)
B el ] (homogeneous stratum) (A.3)
for b [1, -1]1< x, <b[1,1,, =1,...L,

wherein the stratum boundaries are at x, = b,[0], b[1], ...; and L, is the number of strata
(equations 3.1 and 3.10).

- \ structural block
i 0
dl'(] ¢,
A
1 1 ( ) é

Figure 10. Stratum period vectors, basis frequency vectors, and coordinate bases.

A periodic stratum is partitioned into stripes. The permittivity within each stripe is
independent of x,, and in the case of a uniperiodic stratum is constant,
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g2[1,,1,][x;] (biperiodic stratum)
elll; [x,,x;]= C
e2[l,,1,] (uniperiodic stratum) (A4)
for x, between b,[/,,/, —1]and b,[/,,1,]

wherein the stripe boundaries are at x, =...,b,[/,,0], b,[/,,1], .... (The boundary
positions may be sorted in either increasing or decreasing order.)

Each stripe of a biperiodic stratum is either homogeneous, or is partitioned into
homogeneous structural blocks,

g2, L 1[x,]=€3[1,,1,,1] (AS)
for x, between b,[/,,l,,/;, —1]and b,[1,,1,,1;] '
wherein the block boundaries are at x; =...,b,[/,,/,,0], b;[/,,1,,1], ... (cf. equation 3.32).

The stripe boundaries b,[/;,/,] are defined in terms of the dimensionless
parameters c,[/,,/,], which satisfy relations 3.33 and 3.34:

byl 1= [, 1,145, 1 =1,..., L[] (A.6)
(1,1, + L[ 11=b,[1,,1,]+dY)[],] (A.7)

The block boundaries b,[/,,1,,/,] within each inhomogeneous stripe are defined

in terms of the dimensionless parameters c¢,[/,,/,,/,], which satisfy relations 3.35-37:

bl 1, I ]=¢ll},1,] d3[»,sl][ll]+cz[llalzal3] d?[,,szl[ll]a

(A.8)
L=1...,L0L1 L=1..,L[,,]
byl 1y + L[], 1,1,1=by[1,,1,, 1,1+ dY) [ ] (A.9)
byl 1y, 1 + L[l 1,11 = by[l 1, L1+ d T ] (A.10)
A biperiodic stratum is periodic in x;,
NN Ix,, x; +d 51111 = elll 1[x,, x5 ] (A.11)

(from equations 3.16 and A.1); hence the permittivity has a Fourier expansion of the form
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elll ][x,,x5]= ngl[llsnz][xz]exp[izﬂ' n, 3[,82][11]x3] (A.12)

wherein
S 1=1/d3[1,] (A.13)
(cf. equation 13.15). Equation A.4 implies that fgl[/,n,][x,] is of the form

Sellly,ny ][x, 1= fe2(l,,1,,n,] (A.14)
for x, between b,[l,,/, —1] and b,[/,,1,] '

wherein

21,1 ][x ] = Zf&‘Q[ll,lz,nz]exp[iZan 3[,82][11]x3] (A.15)

ny

Equation A.5 is substituted on the left side of equation A.15, and the Fourier inversion
formula is applied to determine the Fourier coefficients fe2[/,,l,,n,],

byLh, b, L[

s 1] . s
fe2Al,1,,n, 1= 3[,2][11]I &2[1,,1,1[x;]exp[—i 27 n, f3[,2][11]x3]dx3

bs[1,15,0]

53[11alzalz]fz[,sz][l1](b3[llalzals]_bz[lplz:ls —1])-

L}[ll’IZ]

= z sinc[7z n, f‘3[,52][ll](b3[117127l3]_b3[11312>l3 —-1D]-
e
exp[-izn, 3[,52][11](173[11’[2,]3]+b3[11>lz’l3 —1])]

(A.16)
wherein the sinc function is defined as®
. sin[x]/x 1f x#0
sinc[x] = i (A.17)
ifx=0

For a uniperiodic stratum, equation A.15 is simply

® For numerical applications the following implementation of the sinc function is preferred over definition
A.17, in order to avoid excessive round-off errors for small X :

sin[x]/x if x> >66
if x> <66
wherein O is the numeric precision (i.e., the smallest value such that 1 and 1+ & are numerically
distinguishable).

sinc[x] =
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201, 1[x;,]= fe2[l,,1,,0] (uniperiodic) (A.18)

Equation A.16 can be recast in a form that is independent of the ¢,, €, coordinate
orientation by using the following identity,

S AR B VA I YN (CTURA AL TA RN URAA PRI TA \EY Y
_ P dP D (el L1 T + el 1, L1 D) « d 1)

dy]edy]
AP e d[]
=cl/,1,] l[s][ i} fm[ ) +6,[l,,1,,0,]
d;" [l ]ed; 1]
(A.19)
(from equations A.8, A.1, and 3.30). Defining
TSI e A1)
yh]= dlm[l‘] df[q][l‘ ) (A.20)
dy [l ]ed; [1]

equation A.16 simplifies to

fe2[1,,1,,n,] =
] &3, L, L), L, L] -cll,,1,,1, —1])-
sinc[7 n, (¢,[4,,0,, ;1= ¢,[1;,0,,5; —1D]-
exp[—izn, (c,[1,, 1,11+ ¢, 1,0, =11+ 2¢[1, 1, ] 7[1, D]
(A.21)

Ly[1,1,

=1

(For a uniperiodic stratum d 11,1 is implicitly of infinite magnitude and perpendicular to
gll‘y][ll], so y[/,] is zero.)

The periodicity condition 3.15, applied to the right side of equation A.12, yields
the x, -periodicity condition 13.43 for fel,

SN,y ][x, + l/fz[,sl] [/,]lexp[—i2rn, fz[,szl[ld(xz + l/fz[,sl][ll])] =

(A.22)
Selll,n,][x,]exp[—i2z n, fz[,sz] [[]x,]

wherein

S=1/d0,] (A.23)
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2[,52] [11 ] = _dg,sl] [ll ] /(dgsl] [11 ] dgs% [11 ]) (A~24)

(Figure 10 illustrates the geometric relationships defined by conditions 13.14, A.1, A.13,
A.23, and A.24; cf. Figure 3 and equation 3.30.) The Fourier expansion 13.16 for fel is

obtained from equation A.22,

felll,ny][x,]1= Zﬁgl[ll,nl,nz]exp[iZﬂ (n, fz[,sl] [[,]+n, 2[52] [,]Dx,]

m

(A.25)

Substituting from equation A.14, the Fourier coefficients ffel[/,,n,,n,] are obtained,

s b, (1, Ly [ ]] . s s
fell,ny,n, )= 2[,1][11]'[[)2 SEWL ,ny ][ x, Jexp[—i 27 (n, f2[,l] [],]+n, fz[,zl[ll])xz]dxz

[4,0]
L fgz[llalzanz]fz[,sl][l1](bz[lnlz]_bz[lnlz _1])'

= Y| sinc[w (n, f2V[L]+ ny ALD B[]0, b,[1,1, ~1D)]-
=1

exp[—i 7 (n, fz[,s1] [/,]1+n, fz[,sz] (L, D(b,[L, 1,1+ b,[1,,1, —1])]
(A.26)

Equation A.26 can be recast in a form that is independent of the ¢é,, é, coordinate
orientation by using the following identities,

S, L1= (1L 10 ) (e L, L, 1d 1 10 6,)

- - (A.27)
=0 [llalz] d1[S][l1]° f1[s] [Zl] =¢ [l1=lz]

ML= (AL Te 6,) (el 1,1 d 1 T 6,)
_ P P s B 1d P TSP
]rl[S] [ll ] . fl[S][ll]
]?Zs][ll].]rl[S][ll] el
fl[s][ll].j‘l[s][ll] = alinh

(A.28)

Al ]e dYL)
d e dM 1]

=¢qll,,1]

(from equations A.6, 13.14, and 3.30). With these substitutions, equation A.26 simplifies
to

el ,n,n, )=
L, Sl n, (e [l L 1=l 1, —1]) -
sinc[7z (n, —n, y[1, D) (¢,[],,1,]1-¢[],,1, —1D]-
N expl—iz (ny —ny YLD (e, 1+ ¢, [, —1D)]

(A.29)
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The Toeplitz matrix t¢l (definition 13.35) and its inverse rzel (implicit definition
13.37) have the following form (from equation A.14),

tgl[ll,nz,n;][xz] = fgl[llanz _n;][xz] = tgz[llalzanzan;]

(A.30)
for x, between b,[/,,l, —1] and b,[/,,1, ]
reelll,,n,,ny)[x, 1 =rte2l,,1,,n,,n,] (A3])
for x, between b,[l,,/, —1] and b,[/,,1,] '
wherein
tg2[ll,lz,n2,n;]=f82[ll,lz,n2—n;] (A.32)
' ' " 1’ n2 = l’lg
Z(Vt&‘Z[ll,lz,nz,nz]) (te2[l,,1,,n5,n7]) = " (A.33)
o 0, n, #n,

(The indices n,, n}, and n} in the above equations are limited to the set N!’!, in
accordance with condition 13.54). rtel can be represented by Fourier expansion 13.46,

reel[l,n,,n,][x,]=
3 fitellh,m,ny,mlexpli2z (n, £E141+ (n, — ) £ 1) x, ]

m

(A.34)

wherein the Fourier coefficients are determined from equation A.31,

Sfreellly,ny,ny,ny]

S 111 ’ . s ’ s
= fz[,l] [/] Lz[ll’o] regl[l,, n,,n; |[x, Jexp[—i 2z (n, fz[,l] [[,]1+ (n, - nz)fz[,z][ll Dx,1dx,
A R AR Vo O CUREN S A UR 1}
=S sinelr O, £+ Oy — 1) FELD Byl 1 - bl 1 —1D]-
L=l

exp[—i 7 (n, 2[,51] ]+ (n, - n;)fz[sz] (LD (D,[1,, 0,1+ D,[1,,1, = 1])]
(A.35)

by (1}, Ly[!

With substitutions A.27 and A.28, this simplifies to
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Sfreell,,n,n,,n,]=
L rte2[l,, 1, ,n,,ny1(c,[1,,1,]1—¢,[l,,1, —1])-
= Z sinc[z (n, — (n, —n)) y[L, D (e, [1, 1, ]1- ¢ [1,,1, —1])]-
o exp[—iz (n, —(n, —ny) y[1,D(c,[],,, ]+ ¢ [],1, —1])]
(A.36)

The reciprocal permittivity is denoted as “re”,

re[%]= % (A.37)

Most of the above equations involving & (equations A.3-5, 11, 12, 14-16, 18, 21, 22, 30-
36) also apply with the symbolic substitution of “re” for “&” (cf. equations 13.28 and
13.47).

Appendix B. Exponential matrix computation

The exponential of a matrix 4 can be computed using a scale-and-square method
[Ref. 6],

exp[A] = exp[4/27]%" (B.1)

wherein the right-hand exponential is evaluated using a Padé approximation and the
power is evaluated by squaring the exponential sp times. But as indicated in section 13

(after equation 13.112), this “scale-and-square” algorithm will be replaced by a “scale-
and-stack” method in which the exponential exp[A/2"] is converted directly into an S
matrix, which is then stacked with itself sp times to build up a stratum’s full S matrix.
(The stacking operations are more numerically stable than matrix squaring.)

In the context of equation 13.112, the matrix A is of the form

o
wherein

P=DEH (x{" —x) (B.3)

Q =-DHE (x" —x*) (B.4)
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(A has a similar form in the context of equations 14.22 and 14.23.) The zero blocks in
equation B.2 can be exploited to improve computational efficiency in two ways: First, the
scaling power sp does not need to be as large as it would have to be without the zero

blocks. And second, the number of operations in the Padé approximation can be reduced
by skipping operations that multiply zero.

In accordance with Ref. 6, section 11, the scaling power sp can be chosen so that

HA/ZS”

<1/2 (B.5)
wherein || . ||w denotes the infinity-norm, i.e., the maximum absolute row sum,

HA/Z"’

=max Y [4,,]/2” (B.6)

It is evident from Eqgations B.6 and B.2 that

A4/27| =max[|P/27| ,|o/27| ] (B.7)
[4127], = max{]

00

3
o0

However, a similarity transformation can be applied to the right-hand exponential in
equation B.1 to obtain

0 PV (10 0 P10 o
“*Plo o “lo 1) ore 0 0 1/c) B7

for any non-zero c. Using this form of the exponential, it suffices to choose sp so that

max[HPc /2%

(Q/c)/27| 1<1/2 (B.8)

b
0

¢ can be chosen to minimize the left side of equation B.8. The minimization condition is
|Pel. =le/el. = e=4lel. /IA. (B.9)

which reduces equation B.8 to

VAL 9], 727 <172 (B.10)

The scaling power sp defined by equation B.10 is typically significantly less than that
defined by equation B.5.

After determining sp to satisfy equation B.10, the scaling factor is applied to 4,
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A« A/2%, P« P/2%, Q« Q/2%

The exponential of A4 is then computed using a (6,6) Padé approximation,

6 s
explAl=| Y c; (A | | e, A’
j=0 Jj=0
wherein the ¢ ; coefficients are

_(12-j)e!
7120 j1(6- ))!

The coefficients’ numerical values are

5 1 1 1
= }

1 1
2744°66°792 15840 665280

{cy,€1,Cy5Cq,C4,C5,C 1 =11,

Substituting equation B.2, equation B.12 becomes
0 P\]_(BOO -BOI\"'(B0O BOI

@wHQ 0H:[—Bm <m1J (Bm BHJ
wherein

B0O=c, I+ (c, I+(c,I+c,PO)YPQO)PQ

Bll=c, I+Q(c, I +(c, I +c, PO)PO)P

BOl=(c,I+(c; I+c; PO)PQO)P

B10=0(c, I +(c;I+c; PO)PO)

Note the common subexpressions in the above equations. As a consequence of this

commonality, the following relationships hold,

B00 B01= 5015811
B11 B10 = B10 B0O

from which it follows that equation B.15 can be equivalently stated,

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)
(B.17)
(B.18)

(B.19)

(B.20)

(B.21)

76
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Az o)

B00 BO1\((B00*> - BO1 B10)™ 0 B00 BO1
B10 Bl 0 (B11> = B10 BO1)™" )\ B10  B11
(B.22)

Also, the special form of P in equations 13.112 and 14.22, as defined by equations
13.108 and 14.12, can be exploited to optimize the calculation of B00, B0O1, B10, Bl1.

Appendix C. Derivation of the symmetry relations 7.3

The stratum symmetry relations 7.3 apply generally when the S matrix
characterizes a grating region that is invariant under an x, coordinate transformation that

maps x!” to xI"" and x!" to xI” (cf. equation 7.1). The symmetry can be demonstrated
directly from the S matrix construction procedure outlined in section 13, as follows.

The exponential matrix in equation 13.112 satisfies the following condition,
OEE ®EH )\ ®EE -QEH) (I 0 .1
®HE ®HH )\-®HE ®HH ) (0 I '
This is a result of the zero blocks in the exponential argument,
OEE -O®EH) (I 0 \(O®EE O®EH)\I 0
~®HE ®HH ) \0 —-I1)\®HE ®HH)\0 -1

(o Zesilone )5 )

i C2
I 0 0 DEH\(I 0 (€2)
= exp Ax,
0o —1)\-pHE 0 Jlo -1
0 —DEH ®EE ®EH) !
= exp Ax, | =
DHE 0 OHE OHH

Equation 13.117 has the form
@1 = L(4” (OEE A+' ®EH B)+ B (PHE A+' ®HH B)) ~ (C.3)

wherein
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1 0
4= 0 (ﬂ/é‘[f])dle’j] (C4)
] 0 1
B=i _Adf 0 (C.5)

The different sign combinations in equation C.3 yield the following expression,

ol o) 1(4" B \(®EE ®EH\(A A C6)

o @) 2\4" -B' \OHE ®HH)\B -B '
This relationship can be inverted to obtain,

OEE ®EH) 1(4 Ao o) 4" B .7

®HE ©®HH) 2\B -B)lot @ )(4" -B '
Substitution of equation C.7 in C.1 yields

ol et -l el I 0

{q)[—ﬂ @[——]J((DH—] (D[++]j:(0 IJ (C.8)

The left two blocks in this expression are
ooyt et = (C.9)
oo oo =0 (C.10)
These two identities imply the following,
—(@"H o =l (@)™ (C.11)
O — @ (@) @l = (@) (C.12)

Comparing equations C.11 and C.12 with equation 13.120, the symmetry relations 7.3 are
obtained.
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Appendix D. Computation of the field inside the grating

The electromagnetic field inside the grating can be determined by applying
equations 8.1 and 8.2 wherein x| and x!*! are the x, coordinates at the bottom and top
of the grating (x!”) = 5,[0]-0,xI*) = b,[L,]+0; cf. equations 3.1 and 3.2). x|" is the x,

level at which the field is to be determined, and Sa and Sb are the cumulative S matrices

for the portions of the grating below and above x!'", respectively.

The incident field below the grating (F'[x!']) is zero, so equation 8.1 reduces to

FUXT)  (Sa01)
(F“][x{”]]_(SaM]F 7] ©-1)

In principle, the transmitted field (7' '[x["']) could be computed and used in equation
D.1 to determine the field at x!"" (F"[x!"]=Sa017" F"[x["],

FHI[x=Sal1 F7[x"]). However, this process could be numerically unstable if, for
example, the lower portion of the grating is opaque so that Sa01 and F''[x"'] are both

zero. This difficulty can be avoided by determining F'"'[xI"] from equation 8.2,
FUxM = 8p00 FH [ xM+ Sh01 FU [ x] (D.2)

The F"'[x{*'] term in equation D.2 represents the incident field, and the F"'[x["] term
can be determined by substituting equation D.2 in D.1,

FU[xM = (I - Sal15600)™" Sal1Sh01 F[x1] (D.3)

Thus, the internal field has the following form,

A
wherein

SH1 = (I - Sal18bh00)™" Sal1Sh01 (D.5)

S = 8h00 "+ SKO1 (D.6)

The computation procedure defined by equations D.5 and D.6 depends only on
Sall, SH00, and ShO1. Sall can be computed efficiently using bottom-up stacking
(because in the stacking equation 8.8, S11 does not depend on Sa00, Sa01 or Sal0);
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and SH00 and SH01 can be computed efficiently by using top-down stacking (because in
equation 8.8 S00 and S01 do not depend on SH10 or Sh11).

After determining F'™[x{"] and F'"'[x{"], the grating-tangential electromagnetic
field projections can be determined from equations 6.50-53. If the grating is
homogeneous at x, = x!"', the total electromagnetic field can then be determined by
applying equations 6.48 and 6.49. (These equations determine the diffracted orders’ p
projections.) If the grating is inhomogeneous at x, = x|, then the derivations in section
13 apply. Equations 13.94-97, which are equivalent to equations 6.50-53, determine the
tangential field projections; and the grating-normal projections ( ffH\”' and ffE!)) are
determined by equations 13.74 and 13.80.
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